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INCARNATIONS OF BERTHELOT’S CONJECTURE 


CHRISTOPHER LAZDA 


Abstract. In this article we give a survey of the various forms of Berthelot’s conjecture and some of the 
implications between them. By proving some comparison results between push-forwards of overconvergent 
isocrystals and those of arithmetic ^-modules, we manage to deduce some cases of the conjecture from Caro’s 
results on the stability of overcoherence under push-forward via a smooth and proper morphism of varieties. In 
particular, we show that Ogus’ convergent push-forward of an overconvergent F-isocrystal under a smooth and 
projective morphism is overconvergent. 
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1. Introduction 

In many ‘reasonable’ cohomology theories, one expects that the relative cohomology of a ‘fibration’ 
f : X ^ S behaves as nicely as possible, that is that the higher direct image sheaves should be locally 
constant, and their hbres should be the cohomology groups of the fibres of /. For example, if one takes 
/ to be a smooth and proper morphism of algebraic varieties, then the higher direct images for de Rham 
cohomology (in characteristic zero) or £-adic etale cohomology (in characteristic different from £) are ‘local 
systems’ in the appropriate sense, with the expected fibres. Berthelot’s conjecture is a version of this 
general philosophy for p-adic cohomology; roughly speaking, it states that if we take a smooth and proper 
morphism f : X ^ S of varieties in characteristic p, and an overconvergent F-isocrystal E on X, then the 
higher direct images should be overconvergent F-isocrystals on S. 

According to the various different perspectives that one can take on both the coefficient objects of p- 
adic cohomology and their push-forwards, there are many different ways to state Berthelot’s conjecture, 
some stronger, some weaker, and some (currently) logically independent, and the aim of this short article 
is two-fold. Firstly, it is to act as a brief survey of the various forms that Berthelot’s conjecture can take, 
and of the special cases and impactions between them all that are currently known. Secondly, it is to show 
some new (but reasonably straightforward) comparisons between different constructions of push-forwards 
in p-adic cohomology, which will then allow us to deduce some new cases of certain versions of Berthelot’s 
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conjecture. While the general form of Berthelot’s conjecture still remains very open, the version of it that 
we manage to prove here still has some interesting applications, see for example flES15l or IPallSI . 

In the first couple of sections, therefore, we review various definitions of coefficients objects and their 
push-forwards, concentrating on four main perspectives: that of convergent isocrystals, overconvergent 
isocrystals (in two different ways) and overholonomic ^-modules. For each of these perspectives on coeffi¬ 
cients objects, there is a corresponding way to phrase Berthelot’s conjecture, and we are thus led to consider 
4 types of conjecture. Viewing overconvergent isocrystals simply as modules with integrable connection 
on some frame leads to the ‘B’ type conjectures, if we view them as modules with overconvergent stratifi¬ 
cations, or more generally as collections of realisations with comparison morphisms, then the most natural 
formulation gives what we call the ‘S’ type conjectures. If we include Frobenius structures and view them as 
a full subcategory of convergent F-isocrystals then we obtain ‘O’ type conjectures, and finally, considering 
them as certain kinds of overholonomic .^-modules gives ‘C’ type conjectures. 

While there are reasonably clear implications between the ‘B’, ‘S’ and ‘O’ type conjectures, the lack of 
good comparisons between push-forwards of .^-modules and push-forwards of overconvergent isocrystals 
in general means that there are few straightforward implications between the ‘C’ conjectures and the others. 
Since it is the ‘C’ conjectures for which, thanks to Caro’s work, most cases are known (in particular, all 
quasi-projective cases) it is therefore especially disappointing that it is these ‘C’ conjectures that are the 
most difficult to relate to the others. Our rather modest contribution here is to note a few special cases of 
such comparison theorems between push-forwards, which enables us to deduce ‘O’ type conjectures with a 
reasonably respectable level of generality (namely, for smooth projective morphisms X S), and ‘B’ type 
conjectures with a somewhat less respectable level of generality (see Corollarv l6.7l for a precise statement). 

The main difficulty in extending these results is the somewhat indirect comparison between overcon¬ 
vergent isocrystals and overcoherent isocrystals (which are certain kinds of arithmetic ^-modules). The 
equivalence of categories constructed by Caro makes fundamental use of both resolution and gluing ar¬ 
guments, and therefore if one is to obtain the required comparisons between push-forwards, one needs to 
know certain cases of finiteness and base change for rigid higher direct images in order to push these objects 
through the construction - in other words, one needs to know certain cases of ‘S’ or ‘B’ type conjectures 
before one starts! The reasons that we could get our arguments to work here is essentially by bootstrapping 
up the few cases in which one has a direct comparison between overconvergent and overcoherent isocrys¬ 
tals as far as possible, which in ‘O’ type conjectures does in fact give reasonable results, but is still rather 
inadequate for ‘B’ or ‘S’ type conjectures. One would hope that a direct comparison would lead to an easy 
implication from the ‘C’ type conjectures proved by Caro to the conjectures of the other types. 


Notations and conventions. Throughout, k will be a perfect field of characteristic p > Q, y will be a 
complete DVR of mixed characteristic with residue field k and fraction field K, and n will be a uniformiser 
for y. A k-variety will mean a separated k-scheme of finite type, and a formal "jC-scheme will mean a 
;r-adic formal scheme, separated and of finite type over Spf (1C). If X is an Fp scheme, absolute Frobenius 
will mean some fixed power of the p-power absolute Frobenius on X. For any k-variety X we will denote 
the reduced subscheme by Vred- For any formal 'jC-scheme T, we will denote the special fibre by To, and 
the generic fibre by Xk, this is a rigid space over K in the sense of Tate. If ^ is an abelian sheaf on some 
site, we will denote by the tensor product ^ Q. 
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2. Categories oe isocrystals 


In this section, we review the various categories of coefficients that are used in p-adic cohomology, 
and the various comparison theorems between them. We start with the category of convergent isocrystals, 
following Ogus | Ogu84| . 

Let X be a A:-scheme. The convergent site of X j'f' consists of pairs (TjZx) where T is a flat formal 'f - 
scheme and z% : (To)red ^ is a morphism of A:-varieties. The topology is induced by the Zariski topology 
on T, and the associated topos is denoted {X We will usually drop z% from the notation, and refer 

to an object of the convergent site simply as T. We can describe sheaves E on this site as ‘realisations’ E--^ 
and transition morphisms 


associated to g : T' —T in the usual way. In particular we have the canonical sheaf jy whose realisation 
on T is 


Definition 2.1. A convergent isocrystal on X is a ,^/y-module E such that each realisation E^ is a 
coherent and the linearised transition morphism 

g*Ez^E^, 

associated to any g : T' —T is an isomorphism. The category of such objects is denoted Isoc(X /K). 


Proposition 2.2 ( [ Ogu84| , Theorem 2.15). Suppose that T is a smooth formal 'E-scheme with special fibre 
X. Then the realisation functor E Ex induces a fully faithful functor from Isoc(A' /K) to the category of 
coherent 0'x.iQ-modules with integrable connection. 


Remark 2.3. There is also a version of this proposition where we embed X into a smooth formal "f -scheme. 
We will see this appearing later on. 


These objects are functorial in both X and 'E, in that a commutative diagram 

Y -s-X 


spf(ir) —^ spf (r) 

induces a pullback functor Isoc(X /K) — ^ Isoc(T/L) (where L — Frac(l^)). In particular, after choosing a 
lift to 'f of the absolute Frobenius of k, we can talk about convergent isocrystals with Frobenius structure, 
the category of such objects being denoted F'-Isoc(2f /K), and there is an analogue of Proposition |2]^ if X 
is equipped with a lift of absolute Frobenius. 

Next we introduce (partially) overconvergent isocrystals, following Berthelot IIBer96al and Le Stum 
OLS07I . Before we do so we need to introduce pairs and frames, as well as Berthelot’s functor f of 
overconvergent sections. 

Definition 2.4. A k-pair consists of an open embedding X —5> of k-varieties. A lL-frame consists of a 
k-pair {X^X) and a closed embedding X —3C of X into a formal iL-scheme. We will say that a pair/frame 
is proper if X is, and that a frame is smooth if T is smooth in a neighbourhood of X. A morphism of 
pairs/frames is just a commutative diagram, and we will say a morphism of pairs (X ,X) —is Cartesian 
if the associated commutative square is. Smoothness/properness of a morphism of pairs or frames is defined 
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as before. If {X,X) is a parr, then a frame over {X^X) is a frame (7,7,55) together with a morphism 
(7,7) ^ {X,X) of parrs. 

If we have a frame (X,X,X), then we can consider the specialisation map sp : Xk —>• Xq, and for any 
locally closed subscheme V C Xq we define the tube 

]V[x:=sp-'(7). 

If ]X[xC V C]X[^ is an open subset of ]X[x, then we will call V a strict neighbourhood of ]X[x if the 
covering 

]r[x=vu]j\x[x 

is admissible for the G-topology. For any sheaf ^ on we define 

:= co\imvjv*jv^-^ 

where the colimit is taken over all strict neighbourhoods V, and jv : V —denotes the inclusion. If 
£ is a -module, then an integrable connection on E is just an integrable connection on E as an 

-module. 

Definition 2.5. An overconvergent isocrystal on the pair {X,X) consists of a collection E^x of coherent 
-modules, one for each frame (7,7,55) over {X,X), together with isomorphisms u*E^ —^ £3 asso¬ 
ciated to each morphism u : (Z,Z,3) —of frames, satisfying the usual cocycle conditions. The 
category of such objects is denoted Isoc^((Z,Z)/£), and we refer to the £g as the realisations of £. 

Proposition 2.6 ( OLS07I . Proposition 7.2.13). Suppose that (Z,Z,X) is a smooth frame. Then the realisa- 
tion functor E >-^Ex induces a fully faithful functor from Isoc^((Z,Z)/£) to the category'M\C{{X ,X ,X) / K) 
of coherent p ff-^^^-modules with integrable connection. 

Of course, as before, we have functoriality as well as a version with Frobenius structures, denoted 
£-Isoc^((Z,Z)/£). The category (£-)Isoc(Z/£) is local on Z, and (£-)Isoc^((Z,Z)/£) is local on both 
X and X. When the pair {X,X) is proper, (£-)Isoc^((Z,Z)/£) depends only on X, we will therefore write 
(£-)Isoc'^(Z/£). 

Definition 2.7. Let (Z,Z,X) be a smooth frame. Then an overconvergent stratification on a coherent 
-module £ is an isomorphism 

p\E^p\E 

of ^-modules, where X is embedded in X^ via the diagonal, and p, ; X^ —> X are the two pro¬ 

jections. This isomorphism is subject to the usual conditions, for example it should be the identity after 
being pulled back via A : X —>• X^, and should satisfy a cocycle condition on X^. The category of coherent 
7 ^-modules with overconvergent stratification is denoted by Strat^((Z,Z,X)/£). There is an obvious 
restriction functor 

Isoc+ ((Z,Z) /K) Strat^ ((Z,Z, X) /K) 

which is an equivalence by Proposition 1.2.2 of IILS07II . 

By restricting to frames of the form (S 5 o) 2 ) 0 ) 2 )) we also get a natural functor 

(£-)Isoc'''((Z,Z)/£) ^ (£-)Isoc(Z/£). 

Proposition 2.8 ( MBer96al . 2.3 .4). This functor is an equivalence of categories. 
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Remark 2.9. This give an answer as to what the analogue of Proposition 12.21 should be when X is not 
smooth over k: convergent isocrystals form a full subcategory of the category of coherent ^];f[^-modules 
with integrable connection, for any closed embedding X —?> X into a smooth formal lT-scheme. In fact, it is 
this characterisation which is the key ingredient in the proof of the previous proposition. 

For any pair (X,X) we get a canonical restriction functor 

(T-)Isoc'^((X,r)/ir) ^ {F-)\?.oc{X/K) 

and have the following theorem of Caro and Kedlaya. 

Theorem 2.10 niCarllL Theoreme 2.2.1). The restriction functor 

F-lsoc'^{{X,X)/K)^F-lsoc{X/K) 

is fully faithful. 

Remark 2.11. This is also conjectured to hold without Frobenius structures, but this is not currently known. 

Finally, the most complicated category of coefficients is that of Berthelot’s arithmetic ^-modules, as 
developed by Caro. Since the definitions and constructions are so involved, we will content ourselves with 
giving a brief overview, referring to Berthelot and Caro’s work for the details. 

If fp is a smooth formal "jC-scheme, then we let q denote the ring of overconvergent differential 
operators on as constructed in §2 of IIBer96bl . and q) (bounded, coherent) derived category. 

For any closed subscheme T C *Po, we have functors RFJ, and ('T) of ‘sections with support in 7” and 
‘sections overconvergent along 7” respectively, and an exact triangle 

for any e T>coh(^'^,Q)' ^surcoh(^^,Q) ^coh(^i,Q) denote the full subcategory of overcoherent 

objects, as defined in §3 of IICar04l . 

We will also need a variant; if 7’ C % is a divisor of the special fibre of fp, we may consider the ring 
(^7 ’)q of differential operators with overconvergent singularities along T, as defined in §4 of IIBer96bl . 
as well as the categories 7 ’)q) and f)surcoh('^'p(^^)Q) before. There is a forgetful functor 

which is fully faithful and with essential image those objects S such that S = ('T)S (Lemme 1.2.1 4 
of ICarlSI l. Be warned, however, that it does not respect the notion of overcoherence in general. 

Now let {X,X) be a k-pair, and assume that we have an embedding X ^ into a smooth and proper 
formal lC-scheme, and a divisor T C $0 such that X = X\T. Let *p be an open formal subscheme of *p 
such that X —;■ $ factors through a closed embedding X and let T = T n *p. Then the full subcategory 
^™rcoh(^^(^^)) consisting of objects with support in X, i.e. such that ^ = Rrl<f, is independent of all 
choices (i.e. only depends on (2f )), we therefore denote it T^sureoh(^(x x)/k^ refer to it as the category 

of overcoherent ^^-modules on (X,X)/K. WhenX —X we will denote it instead by When 

X is proper, it depends only on X and we will therefore instead write D^smcoh(^x/K')' 

Remark 2.12. We formalise the hypothesis used on pairs in the previous paragraph as follows: A couple 
(T,T) is said to be ‘properly ^7-realisable’ if there exists smooth and proper formal lT-scheme *p, a (not 
necessarily closed) immersion T —fp and a divisor D of *Po such that Y = Y\D. 
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Lemma 2.13. Let & be a smooth affine formal 'Y-scheme, with special fibre S. Then there exists a canonical 
equivalence of categories 

^surcoh(^e,Q) — ^surcoh(^S/^)- 

More generally, if D C S := ©o is a divisor, and S — S\D, then there exists a canonical equivalence of 
categories 

^Lcoh(4 CD)q) - 

Proof Note that this is not immediate from the definitions! The first is not difficult: if we choose an 
affine embedding © ^ Kf then flsurcoh('^S/A') ^e identified with the full subcategory of flsur(;oh('^e q) 
consisting of objects with support in ©, the claimed equivalence therefore follows from the Berthelot- 
Kashiwara theorem (Theoreme 3.1.6 of OCarOTI l. The second is proved entirely similarly. □ 

Whenever X is smooth, we will let Isoc^^((X,X)//r) C ^surcoh(^(xD/A:^ denote the full subcategory 
of ‘overcoherent isocrystals’ as in Definition 1.2.4 of 0Carl5L these are certain kinds of overcoherent 
modules, and we will denote by the full subcategory of £>surcoh(^(A'x)/tt) objects whose 

cohomology sheaves are overcoherent isocrystals. We have a canonical equivalence of categories 

SP{X.X).+ : Isoc^((X,¥)//:) lsoc^'^((X,¥)//:) 

whose description we will need in the following two special cases. 

• Assume that X is a smooth formal T^-scheme, so that we may identify objects of lsoc(X /K) with 

certain Q-modules with integrable connection, and objects of £^surcoh(^^/A') with a full sub¬ 
category of q). Then ^ simply takes a module with integrable connection to the 

corresponding ^-module, as in Proposition 4.1.4 of IIBer96bl . 

• Assume that X is a smooth formal "^-scheme, that T C X := Xq is a divisor, and set X = X\T. 

Let sp,^ : Xx —X be the specialisation map. Then thanks to Proposition 4.4.2 of IIBer96bl . sp,^ 
induces an equivalence of categories between Isoc^((X,X)/fir) and certain coherent ^x,qC'^)- 
modules with integrable connection. Since we may identify objects of x)/k^ ^ 

subcategory of T)), the functor spj;^is again that taking an integrable connection 

to the associated .^-module, as in Theoreme 4.4.5 of loc. cit. 

Remark 2.14. One can also construct for non-smooth X, although the definition is more 

involved, and it is not clear whether or not we have the equivalence of categories 

isoc^ ((x,x)//:) = isoc^’''((x,r)//:) 

in this case. 

To define D^^n^^ob.i^lxx)/K^ ^?soc(^(xx)/a-) general we use Zariski descent: by localising on X 
and X we may assume that we are in the ‘properly ^f-realisable’ situation as above, and the corresponding 
categories glue. For more details on how to do this, see for example Remarque 3.2.10 of flCar04ll . 

3. Push-forwards in p-adic cohomology 

For the various different categories of p-adic coefficients, there are different ways of viewing higher 
direct images, and in this section we will review the basic constructions of such push-forwards. Again, we 
start with convergent isocrystals. 
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Suppose that X is a A:-variety, © is a formal "^-scheme, and / : X ^ © is a morphism of formal 'f - 
schemes. Then we can define the category of convergent isocrystals on X/© exactly as in @ only taking 
formal schemes with a given structure morphism to ©. There is a canonical morphism of topoi 

[xm 

conv ^ (^/©) conv 

induced by ‘forgetting’ the structure morphism to ©; push-forward is exact and sends isocrystals to isocrys¬ 
tals. We then consider the morphism of topoi 

fe ,conv - ( x / e ) 

conv -S' Szai- 

induced by the functor taking an open subset of © to the object of {X /©)conv- For any convergent 

isocrystal on X /©, we can therefore consider the i^© Q-modules 

^ ©Zar- 


Proposition 3.1. Suppose that f : X ^ & is a smooth morphism of formal f -schemes lifting f : X ^ 

(1) There is an equivalence of categories E i—^ Ex between convergent isocrystals on X j@ and a full 
subcategory of the category of coherent ffx,Q'ff^odules with integrable connection relative to ©. 

(2) For any convergent isocrystal E on X /©, there is a canonical isomorphism 

R^/e,conv*F = R^/* {Ex ® ^x/e) ■ 

Proof Note that Proposition 2.21 of UShiOSI (in the exceptionally simple case where the log structure 
is trivial and implies that there is an equivalence of categories between convergent isocrystals 

and coherent ffxf^ modules with a convergent integrable connection, which implies (1), (2) then follows 
immediately from Corollary 2.33 of loc. cit. □ 


Hence, by localising, whenever X is smooth over ©o, © is smooth, and E G Isoc(X/K), the ^s,Q- 
modules R‘^/e.conv*F are equipped with a canonical connection, the Gauss-Manin connection. In fact, the 
assumption that X is smooth over ©o is unnecessary, but we will not need this directly . Also, if © comes 
equipped with a lift CJ© of the absolute Frobenius of ©o, andE G E-Isoc^(X /K), then the sheaf R^/© conv*F 
has a natural Frobenius morphism 


t^©R*^/'6,conv*F’ y R^y© 

,1 


which is compatible with the connection. 

Now assume that we have a smooth and proper morphism / > 5of k-varieties. Then in §3 of |Ogu84|, 

Ogus constructs, for any convergent F-isocrystal E G F-\soc{X/K), and q>0, a convergent isocrystal 
R‘?/conv*F G F-Isoc(V' /K) using crystalline cohomology (actually he only does this for the constant F- 
isocrystal, but essentially the same construction works in general, using Theoreme 2.4.2 of IBer96all ). The 
construction is compatible with base change, in that if we have a Cartesian diagram 


then there is a natural isomorphism 


V' 




/' 


S ' -> s 


g*R^/conv*£ = R''/'onv*/*F 
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in F-Isoc(5'/A'). 

Proposition 3.2. Suppose that & is smooth over 'y, and that c© is a lift of Frobenius. Then for any smooth 
and proper morphism f :X ^ ©o of k-varieties, the realisation (R‘^/conv*£)e isomorphic to R‘^/e,conv*£^ 
with its canonical Frobenius and connection. 

Proof If we ignore Frobenius structures, then this just follows from the fact that R‘?/conv*£ is constructed 
using crystalline cohomology, and hence the induced connection is simply the Gauss-Manin connection. 
Compatibility with Frobenius then follows from compatibility with base change in general. □ 

Next we turn to push-forward for overconvergent isocrystals. 

Definition 3.3. Let /: (X,X,3£) —>• (5,5, ©) be a smooth morphism of smooth frames, andF G (F')-Isoc^((5',5')//r). 
Then define 

R'^/e,rig*-£’ •= R/*(-£’x ^l?[x/]5[e ^' 

This only depends on the induced morphism /: {X,X) (5,5,©) and not on the choice ofX, and ifX is 
proper, then it in fact only depends on f :X (5,5,©). The construction is local on X, and hence to define 
R'?/© for an arbitrary parr {X,X) over (5,5,©) (i.e. one not necessarily admitting an extension to a 
smooth morphism of frames (5',5',X) —(5,5,©)) we can use descent. The details are somewhat tedious, 
so we won’t go into them here. For a detailed description of how this works, see IICT03II . 

Note that R"?/© is a yJ-module, and is equipped with a canonical connection, the Gauss- 
Manin connection. When © admits a lift of Frobenius, then these sheaves are also equipped with a Frobe¬ 
nius morphism. Using the restriction functor 

{F-)lsoc\{X,X)/K) {F-)lsoc{X/K) 

we can also define R^/©,conv*L^ for any £ G (£-)Isocf ((X,X)/£), and R^/conv*F wheneverX —>■ 5is smooth 
and proper and E G £-Isoc^ ((X,X)/£). The relation between these is as follows. 

Proposition 3.4. Let (5,5,©) be a smooth frame, and suppose that f : (X,X) —> (5,5) is a Cartesian 
morphism of pairs. Assume that © admits a lift of the absolute Frobenius ofS, and let & be an open subset 
of &, stable under Frobenius, such that ©' n 5 = 5. Then for any E G £-Isocf ((X,X)/£) the restriction of 
R‘^/e.rig*^ fo ]5[©=]5[©/ is isomorphic to the realisation o/R^/conv*F S £-Isoc(5/£) = £-Isoc^((5,5)/£) 
on (5,5,©'). 

Proof. We may assume that S — S, and ©' = ©, where the claim follows from Corollary 2.34 of IShiOSII . 

(Shiho actually treats the more general case of log schemes, which includes the above as a special case). □ 

Remark 3.5. Shiho’s relative log convergent cohomology is used in IICT14I to obtain a Clemens-Schmidt 
type exact sequence in p-adic cohomology. 

Again, the most involved of the push-forward constructions is the version in Berthelot’s theory of arith¬ 
metic .^-modules, and we will only give the briefest of overviews here. So suppose that / : Cp' —^ is a 

smooth morphism of formallC-schemes. Then Berthelot constructs in (4.3.71 of OBer02ll a (/^*^,^ q, q)- 
bimodule q and defines the push-forward of a complex ^ G q) to be 
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There is a similar version for differential operators overconvergent along a divisor, assuming that the pull¬ 
back of the divisor on is contained in that on . 

If / : [X^X) {S,S) is a proper morphism of properly li-realisable pairs, then we may construct a 

diagram 

X -!■ -)■ 

/ s 

S - 

with both left had horizontal arrows closed immersions, both right hand horizontal arrows open immersions, 
*1?' —ip a smooth and proper morphism between smooth and proper formal 'f' schemes, and the right hand 
square Cartesian, such that there exist divisors T,D of *PQ,iPo respectively with X — X\T, S — S\D, and 
(£>) C T, as in Lemme 4.2.8 of IICarl51 . We may then define the push-forward 


/+: ^surcoh(^f 


iX,X)/K'^ 


D 


surcoh(^(5 5)//f) 


as simply the push-forward g+ associated to the lift g : ip' ip: this does indeed land in the category 
^surcoh (^(5 5 )/A:) ^™rcoh(^e depend on any of the choices (see Proposition 4.2.7 

of loc. cit). 


4 . Versions of Berthelot’s conjecture 

According to the different interpretations of the category of overconvergent (T')-isocrystals, there are 
correspondingly different versions of Berthelot’s conjecture, each of which is most naturally adapted to a 
particular viewpoint on the category of isocrystals. In this section, we review some of the different versions 
of Berthelot’s conjecture, and discuss some of the easier implications among them. We start with Berthelot’s 
original formulation, which is the one most closely related to the viewpoint of overconvergent isocrystals 
as ^-modules with connection. 

Conjecture (B(F), 0Ber86l §4 .3). Let (S,S,6) be a smooth and proper 'f' -frame, and f : X ^ S a smooth 
and proper morphism ofk-varieties. Then the j — ff^^^-module with integrable connections'^ 
arises from a unique overconvergent (F)-isocrystal 

e {F)-lsoc^iS/K). 

In other words, is coherent, the connection is overconvergent, and the resulting object in 

Isoc^(5/A') = MIC^((5,5, ©)//r) only depends on S and not on the choice of frame (5,5,©). (Moreover, 
this object has a canonical Frobenius structure.) 

Remark 4.1. When referring to this and any other form of Berthelot’s conjecture, we will use, for example, 
‘Conjecture B’ to refer to the conjecture without Frobenius structure, and ‘Conjecture BF’ to refer to the 
conjecture with Frobenius structure. 

We also have the following slightly more general formulation of Berthelot’s original conjecture, due to 
Tsuzuki. 

Conjecture (B1(F), 0TsuO3ll l. Suppose that {X,X) —J (5,5) is a proper, Cartesian morphism of k-pairs 
with A —^ 5 smooth, and that (5,5,©) is a smooth f -frame. Let E € (F')-Isoc^((A,A)/A). Then the 
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with integrable connection R'?/e,rig*£ arises from a unique overconvergent (F)-isocrystal 
R‘‘frig*E G {F)-lsoc\{S,S)/K). 

If S is proper, then RF moreover only depends on f :X ^ S and E. 

Note that if we have a smooth and proper morphism f : X S, and extend to a morphism f : X ^ S 
between compactihcations, then the diagram 

X- >X 

s - >s 

is Cartesian, and hence Conjecture B1(F) does contain Conjecture B(F) as a special case. 

We can also think of overconvergent isocrystals as coherent 7 ^ ^-modules with an overconvergent strat- 
ihcation, and with this viewpoint, a more natural formulation is the following version, due to Shiho. 

Conjecture (S(F), IShiOSI Conjecture 5.5). Suppose that {X,X) {S,S) is a Cartesian morphism of pairs 

over k, with X ^ S proper and X ^ S smooth. Let E be an overconvergent (F)-isocrystal on (X,X)/K, 
and q >0. Then there exists a unique overconvergent (F)-isocrystal E on {S,S) such that for all frames 
(r, ^jT) over S, with T smooth over f in a neighbourhood of T, the restriction of E to Strat^(7’, FjT) is 
given by 

P2^‘'fk,ng*E\(XT.XY) — ^^/‘XxyX,rig*^l{Xj Jj.) — f%,rig* E\(Xt.Xy)- 

Here p;: T x T —^ T are the projection maps, and f refers to the natural map of pairs (Xj , Xj) —>■ {T,T). 
If S is proper, then E only depends on f :X ^ S and E. 

Next, by viewing overconvergent isocrystals as collections of 7 '^ ^-modules on each frame over {S,S) we 
arrive at the following, stronger version of Shiho’s conjecture. 

Conjecture (S1(F)). Suppose that {X,X) —^ (5,5) is a proper, Cartesian morphism ofk-pairs, withX —>■ 5 
smooth. Let E be an overconvergent (F)-isocrystal on {X,X)/K, and q >0. Then there exists a unique 
overconvergent (F )-isocrystal E on (5,5) such that for all frames {T, T,T) over (5,5), with T smooth over 
Y in a neighbourhood ofT, we have 

^(TJ.%) — '^‘'fk,rig*E\{XjjXY)^ 

with transition morphisms given by the natural base change morphisms. Here f is as above. If S is proper, 
then E only depends on f :X ^ S and E. 

At least with Frobenius structures, then thanks to full-faithfulness of the restriction from overconvergent 
to convergent F-isocrystals, we get the following (much weaker) form of the conjecture. 

Conjecture (OF). Let : {X,X) —> (5,5) be a proper, Cartesian morphism ofk-pairs, with X ^ S smooth, 
and E £F-lsoc^{{X,X)/K). Then R‘^ fconv*E is overconvergent along S\S, i.e. is in the essential image of 
the functor 

F-lsoc^{{S,S)/K) ^F-lsoc{S/K). 

Finally, by translating into the language of arithmetic .^-modules, we have the following version of 
Berthelot’s conjecture (this has actually been essentially proven by Caro, as we shall see later, but we 
include it here as a conjecture for the purposes of exposition). 
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Conjecture (C(F)). Suppose that f: {X,X) —>■ {S,S) is a Cartesian morphism of properly d-realisable pairs 
over k, with X ^ S proper and X S smooth. Then the functor 

sends (^^-)0Lc(^(x.x)/jf) 

Thus we have 5 conjectures B, Bl, S, SI, C relating to overconvergent isocrystals without Frobenius, 
and 6 conjectures BF, BIF, SF, SIF, OF, CF relating to those with Frobenius structures. We have the 
straightforward implications 

Conjecture S1(F) Conjecture S(F) => Conjecture B1(F) ^ Conjecture B(F). 


Lemma 4.2. Conjecture BIF ^ Conjecture OF. 

Proof. The question is local on S, we may therefore assume that we are in the situation of Proposition [33] 
and the lemma immediately follows. □ 


There are also some implications between the ‘Frobenius’ conjectures and the conjectures without Frobe¬ 
nius, for example we have the obvious observation that Conjecture BF =^> Conjecture B, and the base change 
part of Conjecture SI means that Conjecture SI Conjecture SIF. Also, the existence of the commutative 
diagram 


F-Dl 




t 


overholt-^(X,A')/rt'' 




oveihol(^(X,A')/A') 


F-D‘ 


overhol(^(5_S)/^) 


^D‘ 


overhol(^(S^5)/;f) 


shows that Conjecture C Conjecture CF. 

To all of these conjectures we may also append a ‘base change’ statement, which states that the resulting 
overconvergent (F-)isocrystals satisfy a suitable base change property via morphisms of varieties T —J- 5, 
pairs (r,r) —>• (5,5) or triples {T,T,Z) —>• (5,5,6). 

For example, in the base of Conjecture B1(F), this states that if g : (T, 7’,'!) —(5,5, 6 ) is a morphism 
of triples, andF £ (F'-)Isoc^((5',5')/7ir) with pullback £ {F-)Isoc\{Xt,Xy)/K), then in addition to 
Conjecture B1(F) holding for both the pushforward of E via / : {X,X) (5,5, 6 ) and the pushforward of 

Ef ^ TT ) f { TT ) ■ O^TjXy) —^ {T, T,‘I), we have an isomorphism 


8 R/rig*£’ — K/(r,r)rig*^(r,r) 

of overconvergent (F-jisocrystals on {T,T)/K. 

Similarly, in the case of Conjecture C{F) this states that if 


{Xt,Xy) iX,X) 


f 

{T,T) 


f 

(5,5) 


is a Cartesian square of properly rZ-realisable pairs, and E £ with pullback g''E £ 

then in addition to Conjecture C(F) holding for both E and g'^E, we have an 
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isomorphism 


g'UE^f'J'E 


in (^^-)£^surhoi(^(VT)/A:^ definition of the extraordinary inverse image functors g- and g'- see for 

example §4.3 of iBer02ll '). We invite the reader to formulate precise ‘base change’ versions of Conjectures 
B(F), S(F), S1(F) and OF. 

We will denote by ‘c’ a conjecture including a base change statement, for example we will refer to 
Conjecture BlFc. We therefore have the implications Conjecture B(l)c ^ Conjecture B(l)Fc, Conjecture 
Sc => Conjecture SFc and Conjecture Sl(F)c Conjecture S1(F). 


5. Previously known results 

In this section, we collect together some previously known cases of the conjectures stated above. We 
start with the original case noted by Berthelot. 

Theorem 5.1 ( IIBer86l . Theoreme 5). Assume that there exists a morphism f : X ^ & of proper formal 
'E-schemes, and a smooth open formal subscheme © C © such that f : X := f~^& —^ © is smooth and lifts 
the given morphism f :X ^ S. Then Conjecture B(F) holds. 

In the paper where he introduced Conjecture B1(F), Tsuzuki also proved the following case. 

Theorem 5.2 ( IITsu03l . Theorem 4.1.1). In the situation of Conjecture B1(F), suppose that there exists a 
smooth and proper morphism (X,X,X) —>■ {S,S,6) of smooth Y -frames, such that the square 

X -)■ X 

S -)■ © 

is Cartesian. Then Conjecture Bl(F)c holds. 


Most recently, Caro has proven the following version of Conjecture C(F). 
Theorem 5.3 ( BCarlSL Theoremes 4.4.2 and 4.4.3). Conjecture C(F)c holds. 


It is also worth mentioning here that Shiho in IlShiOSI proved a weaker version of Conjecture S(F), under 
certain assumptions on / and E, whose statement is somewhat technical and which we will therefore not 
recall here. There is also a variant on Conjecture C(F) that Caro proved in 0Carl5L which slightly relaxes 
the condition on {X,X) and {S,S) of of begin properly tZ-realisable, but depends on choices of embeddings 
into formal "^-schemes. 

There are a few more special cases of these conjectures which have been proven by Matsuda-Trihan and 
by Etesse. 


Theorem 5.4 ( OMT04I . Corollaire 3 and llEte02i . Theoreme 7). In the situation of Conjecture OF, assume 
that S is smooth, S is proper, E = constant isocrystal, and that the ramification index ofY 

is < p Then Conjecture OF holds in either of the following 2 cases: 


(1) S is an affine curve. 

(2) X is an abelian scheme over S. 
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Theorem 5.5 ( llEtel2i . Theoreme 3.4.8.2). In the situation of Conjecture B1(F), assume that S is smooth, 
and that (S,S,&) is a Monsky-Washnitzer frame, with SC the associated lift of S to a smooth scheme over 
f. Assume thatX —> S lifts to aflat morphism SC SC. Then Conjecture B1(F) holds. 

Remark 5.6. If S is smooth, and f : X ^ S is any smooth and proper morphism which locally lifts to a 
flat morphism ,5^ of 1^-schemes (for example, if X is a complete intersection in some projective 

space over S), then this is enough to guarantee the existence of unique higher direct image isocrystals 
RVrig*^ G (E-)Isoc+(X//:) 

Theorem 5.7. IfS — S then Conjectures BF, BIF, SF and SIF are true. 

Proof. Follows more or less immediately from Proposition [33] □ 


6. Main results 

We start with the following lemma. 


Lemma 6.1. Let & be a smooth affine formal S'-scheme with special fibre S, and let f :X S be a smooth 
and projective morphism ofk-varieties, of constant relative dimension d. Then for any convergent isocrystal 
E G Isoc(2f /X), with associated arithmetic ^-module E £ there is a natural isomorphism 

R"/e ,conv+^ ^SC^-^f+E) 

of ^Q Q-modules with integrable connection. This is moreover compatible with base change T —> © when 
T is also smooth and affine. 


Remark 6.2. (1) The hypotheses imply that {S,S) and {X,X) are both properly (f-realisable pairs, 

hence we do indeed have a push-forward functor 

/+ : ^surcoh(^X/A') D^urcohi^S/K)- 

(2) We have used Lemma 103] to identify flsui.coh(^s/^f) ^surcoh(^e q)’ therefore con¬ 
sider (f+E) as an ^e,Q‘itiodule with integrable connection. 


Proof. Choose closed embeddings © ^ Alj/ and A —P™. Then we may identify E with a certain ^-module 
on ‘P := P5 , supported on X, and the push-forward E is given in terms of the functor 

A,^ 


• ^coh(^q3,Q) 




formation of R‘^/©,conv*l^ is local on X, therefore we may replace Sp by an open formal subscheme, and X 
by its intersection with this subscheme, such that A ^ lifts to a closed immersion X ^ ‘P of smooth 
formal lC-schemes. 

But now by the compatibility of the Berthelot-Kashiwara equivalence with push-forwards (which is noth¬ 
ing more than (4.3.6.2) of IIBer02l l. we may replace the morphism g : fp —> Af by the induced morphism 
g : X —?> ©, and using the concrete description of sp^^i^ ^ on page0 the claim follows immediately from 
Proposition 13. H and (4.3.6) of OBer02l . □ 
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Remark 6.3. Note that compatibility with base change means that when © is equipped with a lift of the 
absolute Frobenius on S, we can promote the above isomorphism to an isomorphism 

RVe ,conv*^ 

of (realisations of) convergent F-isocrystals. 

Hence we get Conjecture OF in the projective case as follows. 

Corollary 6.4. In the situation of Conjecture OF assume that X ^ S is projective. Then Conjecture OF 
holds. 

Proof. We may assume that X ^ S has constant relative dimension. Thanks to Chow’s lemma, we may blow 
upX outside ofX to obtain a projective morphismX —?> S, this does not change the category Isoc^((X,X)/fir) 
and we may therefore assume that X —?> 5 is projective. By choosing a convenient alteration s' and using 

Theoreme 2.1.3 of IlCarl IL together with base change for R'?/conv*£. we may assume that S is smooth. The 
question is also local on S, which we may therefore assume to have a smooth affine lift © over "F, and that © 
is equipped with a lift of the absolute Frobenius of S. Let © denote the open subscheme of © corresponding 
to S. 

Then question is also local on S, hence (after further localising on ©) we may assume that there exists 
a locally closed immersion © —and a divisor D C P^ such that S = S\D. Hence {S,S) is properly 
(i-realisable. Since X —>• 5 is projective, and 

X- >X 

s - >s 

is Cartesian, it follows that the pair (XjX) is also properly li-realisable. Hence for any £ G 

we have f+E G ^'^isoci^J^ss)/K^' Therefore, using Lemma IhTI and the proceeding remark, together with 
Pror)osition l3.2l the realisation R‘^/©,conv*£^ of the convergent £-isocrystal R‘^fconv*E comes from an object 
in E'E)^soc(^Jss)Ik^’ overconvergent. □ 

We now turn to a version of Conjecture B1(F). 

Lemma 6.5. Let {S,S,&) be a Y-frame such that © is smooth and affine, S = ©o, andS = S\Dfor some 
divisor D inside some projective embedding © ^ Py. Let {X,X) —> {S,S) be a Cartesian morphism of 
pairs, with X ^ S smooth and projective. Let E G Isoc^((2£',2£')/£) with associated arithmetic ^-module 
E G T^fsoc(^(x x)lK^' there is a canonical isomorphism 

R"/e.rig*£ = sp*Jjf‘i-‘^{f+E) 
of ^-modules with integrable connection. 

Remark 6 . 6 . (1) Note again that by Lemma l2.13l we may view Jif‘^^‘^{f+E) as a coherent q('D)- 

module (where D = DCi ©), and hence as an (fD)Q-module with integrable connection. Using 
the morphism of ringed spaces 

sp; i&Kjl^eK) 

we may therefore view sp*J^^^'^(/+£’) as a yji^ 0 ^-module with integrable connection, and the 
statement of the lemma makes sense. 
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(2) Note that the hypotheses imply that both pairs {S,S) and (X,X) are properly t/-realisable, and hence 
we are in the situation where Theorem l5.3l holds. 

Proof. Exactly as in the proof of Lemma Ihdl we may embed X into a smooth and proper formal © scheme 
‘P, and then localise on ^ to assume that we have a smooth morphism f & lifting f :X ^ S (although 
X will no longer be proper). Let D = DC] & and T = f^^D. We may thus, using the explicit description of 
®P(zr) + make the identifications 

L^sp,,^, L^sp*^ 

where sp : Xk —> X is the specialisation map. Here again sp* refers to module pullback via the morphism 

of ringed spaces. Hence using (4.3.6) of OBer02l again we get a canonical isomorphism 

of ^©(^D)Q-modules with integrable connection. By using the spectral sequence for a complex, and the 
identification 

sp* {E Q.*^iq )=E ©^ 3 .^ ’ 

it therefore suffices to show that for any coherent (^D)Q-module E, the base change morphism 

sp*R^/*£^R^//f*sp*£ 

is an isomorphism. Actually, since overconvergent isocrystals extend to some strict neighbourhood of ]X [x, 
we may by Proposition 4.4.5 of IIBer96bl assume that there exists some r such that E comes from a coherent 
^ 3 e(r, ro)Q-module for some ro > 0, i.e. we have 

E ^ (colimr>ro£'r)Q 

for coherent ^x{T, r)-modules Er- (These 3§xiT, r) are essentially formal models for the ring of functions 
on a certain cofinal system of neighbourhoods of ]X inside Xk, for more details see §4 of 0Ber96bl .) Since 
sp*, R/* and R/a:* commute with filtered direct limits (/ and fK are both quasi-compact), we can therefore 
reduce to the case of a coherent .^x(7^)^)‘tnodule E. But now we may replace X by the relative spectrum 
Spf(,^3e(7’, r)), it therefore suffices to treat the case of a coherent ^x^modtile. By further localising on 
X we may assume it to be affine, whence it suffices to treat the case q — 0. This then follows by direct 
calculation. □ 

Of course, as with Lemma I01 there exists a version with Lrobenius, and we easily arrive at the follow¬ 
ing. 

Corollary 6.7. In the situation of Conjecture B1(F), assume that & is smooth, S = ©0 and that the induced 
morphism X ^ S is smooth and projective. Then Conjecture B1(F) holds. 

Proof. Entirely similar to the proof of Corollary 16.41 □ 

Remark 6.8. Note that by using Theoreme 4.4.2 of ICarl5l and Proposition 4.1.8 of IICar09ll we also get a 
base change statement for morphisms (T, T,%) —)• {S,S, ©) where (T, T,*!) also satisfies the hypotheses of 
the corollary. 
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